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Figure1: XAIF GraphHierarchy

1 Example

In this sectionwe show how theXAIF is usedin theautomaticdifferentiationof thefollowing C code.Thecomplete
example,includingtheXAIF for theoriginal andtransformedsourcecode,is availableat theXAIF webpage.

void head(double x, double y) {
int i;
for (i=1;i<10;i++) {

compute(x,y);
if (y<0) exit;

}
}

void compute(double x, double y) {
double h;
h=exp(x*x*x);
y=sin(h*x);

}

1.1 XAIF of Original Program

In XAIF, a programis representedasa hierarchyof directedgraphs,asshown in figure1. Thecall graphconsistsof
two verticesrepresentingthetwo subroutineshead andcompute. Thecall of compute insidehead is represented
by theedgeconnectingthesevertices.
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<?xml version="1.0" encoding="UTF-8"?>
<xaif:CallGraph ... >

<xaif:CallGraphProperties>
...

</xaif:CallGraphProperties>
<xaif:SymbolTable>

...
</xaif:SymbolTable>

<!-- head(double x, double y) -->
<xaif:CallGraphVertex id="0" symbolId="head">

...
</xaif:CallGraphVertex>

<!-- void compute(double x, double y) -->
<xaif:CallGraphVertex id="1" symbolId="compute">

...
</xaif:CallGraphVertex>

<xaif:CallGraphEdge id="0" source="0" target="1"/>

</xaif:CallGraph>

Thecontrolflow graphof head containsthreeverticesin additionto thestandardentry andexit vertices.If
thefor-loop conditionis satisfied,the loop body getsexecuted.Otherwise,theprogramis continuedwith thefirst
statementfollowing theloop. In this exampleno statementfollowstheloop,which resultsin anedgeleadinginto the
exit vertex.

Thefirst statementinsidethe loop bodyis thecall of compute followedby anif-statement.Dependingon the
valueof thetest,theloop is exited or thenext statementin theloopbodyis executed.As theif-statementhappensto
bethelaststatementof theloopbody, this is equivalentto jumpingbackto theheadof theloop.

<xaif:ControlFlowGraph>
<xaif:ControlFlowGraphProperties>

...
</xaif:ControlFlowGraphProperties>

<xaif:SymbolTable>
...

</xaif:SymbolTable>

<xaif:ControlFlowVertex id="0" name="Entry"/>
<xaif:ControlFlowVertex id="1" name="ForLoop">...</xaif:ControlFlowVertex>
<xaif:ControlFlowVertex id="2" name="BasicBlock">...</xaif:ControlFlowVertex>
<xaif:ControlFlowVertex id="3" name="If">...</xaif:ControlFlowVertex>
<xaif:ControlFlowVertex id="4" name="Exit"/>

<xaif:ControlFlowEdge id="0" source="0" target="1"/>
<xaif:ControlFlowEdge id="1" source="1" target="4"/>
<xaif:ControlFlowEdge id="2" source="1" target="2"/>
<xaif:ControlFlowEdge id="3" source="2" target="3"/>
<xaif:ControlFlowEdge id="4" source="3" target="1"/>
<xaif:ControlFlowEdge id="5" source="3" target="4"/>

</xaif:ControlFlowGraph>

The control flow insidecompute is straightforward. It consistsof a singlebasicblock in addition to entry
andexit. After canonicalization(performedby thefront-end),thebasicblock containsfour assignmentstatements,
which arerepresentedby thefour verticesof theBasicBlockGraph elementshown below.
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...
<xaif:BasicBlockGraph>

<xaif:BasicBlockGraphProperties>
<xaif:Property id="0" name="inloop" value="no"/>

</xaif:BasicBlockGraphProperties>

<!-- t1 = x*x*x; -->
<xaif:BasicBlockVertex id="0" name="AssignmentStatementGraph">

...
</xaif:BasicBlockVertex>

<!-- h = exp(t1); -->
<xaif:BasicBlockVertex id="1" name="AssignmentStatementGraph">

...
</xaif:BasicBlockVertex>

<!-- t2 = h*x; -->
<xaif:BasicBlockVertex id="2" name="AssignmentStatementGraph">

...
</xaif:BasicBlockVertex>

<!-- y = sin(t2); -->
<xaif:BasicBlockVertex id="3" name="AssignmentStatementGraph">

...
</xaif:BasicBlockVertex>

<!-- data flow -->
<xaif:BasicBlockEdge id="0" source="0" target="1"/>
<xaif:BasicBlockEdge id="1" source="1" target="2"/>
<xaif:BasicBlockEdge id="2" source="2" target="3"/>

</xaif:BasicBlockGraph>
...

EachAssignmentStatementGraph consistsof a variablereferencerepresentingtheleft-handsideandsome
expressionDAG representingtheright-handside,asillustratednext.

...
<!-- t2 = h*x; -->
<xaif:BasicBlockVertex id="2" name="AssignmentStatementGraph">

<xaif:AssignmentStatementGraph>
<xaif:VariableReferenceVertex id="0" symbolId="1_4"/>
<xaif:AssignmentRHSVertex id="1">

<xaif:ExpressionGraph>
<xaif:VariableReferenceVertex id="0" symbolId="1_3"/>
<xaif:VariableReferenceVertex id="1" symbolId="1_1"/>
<xaif:BinaryExpressionVertex id="2" name="Multiply"/>
<xaif:ExpressionEdge id="0" source="0" target="2"/>
<xaif:ExpressionEdge id="1" source="1" target="2"/>

</xaif:ExpressionGraph>
</xaif:AssignmentRHSVertex>
<xaif:AssignmentStatementEdge id="0" source="1" target="0"/>

</xaif:AssignmentStatementGraph>
</xaif:BasicBlockVertex>

<!-- y = sin(t2); -->
<xaif:BasicBlockVertex id="3" name="AssignmentStatementGraph">

<xaif:AssignmentStatementGraph>
<xaif:StatementProperties>
</xaif:StatementProperties>
<xaif:VariableReferenceVertex id="0" symbolId="1_5"/>
<xaif:AssignmentRHSVertex id="1">

<xaif:ExpressionGraph>
<xaif:SubroutineCallExpressionVertex id="0" symbolId="exp">
<xaif:SubroutineArgument>

<xaif:VariableReference symbolId="1_4"/>
</xaif:SubroutineArgument>

</xaif:SubroutineCallExpressionVertex>
</xaif:ExpressionGraph>

</xaif:AssignmentRHSVertex>
<xaif:AssignmentStatementEdge id="0" source="1" target="0"/>

</xaif:AssignmentStatementGraph>
</xaif:BasicBlockVertex>
...
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The minimal verticesin the expressionDAGs representvariablereferences.All other verticesare arithmetic
operationsor functioncalls. Thevalueassociatedwith the maximalvertex is assignedto thevariablereferencedon
theleft-handside.Intermediateresultsarelabeled���������������
	 .

1.2 XAIF of Transformed Program

In this sectionwe describethe resultof transformingtheoriginal programsemanticallyaccordingto a two-stepAD
algorithm:

1. Derivative codefor computingthe local Jacobianof the basicblock in compute is generated.Sincein this
simpleexampletherearejustoneindependentx andonedependenty variable,thelocal Jacobiancontainsonly
oneelement�
���
�
� � which is thederivativeof y with respectto x.

2. Derivative codegeneratedaccordingto the rulesof forward-modeAD computesdirectionalderivativesof the
dependentwith respectto the independentvariables,that is, Jacobianmatrix times vector products. In the
example,this simplifiesto a weightedderivative,namely, theproductof �
���
�
� andsomescalarweightad x.
Thesemanticsof theprogramis changedin orderto computethis value.

Referencingrelevant literature,we briefly discussa methodfor generatingoptimalderivativecodefor thelocal Jaco-
bianof compute. Themainelementsof thecorrespondingXAIF representationarepresentedin thecontext of the
XAIF of theforward-modeAD transformedcode.

The computationalgraphof the basicblock is shown in Figure2. Expressionsfor the local partial derivatives
areattachedto the edges.Givena valuefor x, onecanevaluatetheseexpressionsduringa singleevaluationof the
basicblock in parallelwith theactualfunctionvaluey itself. This resultsin a linearizedversionof thecomputational
graph.As shown in [5], thevalueof derivative ��������� at thecurrentargumentcanbeaccumulatedby eliminatingthe� intermediateverticesin thelinearizedcomputationalgraph(in our example,����� ). Theorderin which this is done
determinesthenumberof scalarfloating-pointoperationsrequiredfor this process.Minimizing this valueover the ���
differenteliminationorderingsis conjecturedto beanNP-complete[4] combinatorialoptimizationproblem[2, 5].
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A deterministicalgorithmfor gradientswith single-readintermediatevariables(suchasthegraphin ourexample)
is discussedin [6]. It leadsto thefollowing derivativecodefor compute:

void compute_ad(double x, double ad_x, double y, double ad_y) {

double h;
double t1, t2;
double _dy_dx_t1,_dy_dx_t2,_dy_dx_t3,_dy_dx_t4;
double _dy_dx;

t1=x*x*x;
h=exp(t1);
t2=h*x;
y=sin(t2);

_dy_dx_t1 = (x+x)*x+x*x
_dy_dx_t2 = exp(t1)
_dy_dx_t3 = _dy_dx_t1*_dy_dx_t2*x+h
_dy_dx_t4 = cos(t2)
_dy_dx = _dy_dx_t3*_dy_dx_t4

ad_y = _dy_dx * ad_x
}

The computationof dy dx t1 correspondsto the elimination of vertex 1 in the linearizedcomputational
graph. Vertices2 and3 areeliminatedby computing dy dx t3. Finally, the eliminationof vertex 4 leadsto
dy dx, which representsthepre-accumulatedvalueof �����
�
� � Thesubroutineitself is transformedinto a seman-

tically differentversioncompute ad with inputsx andad x andoutputsy andad y. It is straightforwardto
verify that for a givenargumentx anda derivative weightad x, compute ad computesboth the functionvalue
y andad y—the directionalderivative of y with respectto x in directionad x. This is what we expect from a
forward-modeAD-transformedderivativecode.TheXAIF of compute ad is analogousto theonefor theoriginal
routine,with abasicblockcontainingadditionalassignmentsandseveralnew entriesin thesymboltableandargument
list.

Theforward-modeAD versionof thetop-level routinehead is asfollows.

void head_ad(double x, double ad_x, double y double ad_y) {
int i;
for (i=1;i<10;i++) {

compute_ad(x,ad_x,y,ad_y);
if (y<0) exit;

}
}

Thecontrol flow remainsunchanged:head ad callscompute ad to computebothy andad y for givenx
andad x. Again, theXAIF is analogousto theonefor thehead subroutinewith thenecessarychangesor additions
madeto thesymboltable,argumentlist, andcall to compute. TheXAIF of theentirederivative codecanbefound
atwww.mcs.anl.gov/xaif.
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